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Abstract 

We present the scalar moduli stabilization from the perspective of the real intrinsic 
geometry. In this paper, we describe the physical nature of the vacuum moduli fluctuations 
of an arbitrary Fayet configuration. For finitely many abelian scalar fields, we show that 
the framework of the real intrinsic geometry investigates the mixing between the marginal 
and threshold vacua. Interestingly, we find that the phenomena of wall crossing and 
the search of the stable vacuum configurations, pertaining to D-term and i^-term scalar 
moduli, can be accomplished for the abelian charges. For given vacuum expectation values 
of the moduli scalars, we provide phenomenological aspects of the vacuum fluctuations 
and phase transitions in the supersymmetry breaking configurations. 
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1 Introduction 



The physics of wall crossing |T] has received considerable attention from the perspective of 
theoretical developments, model building and phenomenological predictions. Various prior 
supergravity models pertaining to the multiplet structures have been developed in the literature 
[2]. In this concern, string theory plays a crucial role in bringing out all possible spacetime 
dimensions in a unified framework [3]. Recently, there have been a number of investigations 
involving D-brane instantons in type-II compactifications [1] D-instanton counting [5] and 
corresponding microscopic properties. The above first consideration leads to the notion of 
moduli stabilization, while the second one leads to the localization of an arbitrary p-form. 
Hereby, the hypermultiplet structure [B] and the corresponding moduli space geometry play 
an important role in understanding the phenomenon of wall crossing, duality symmetries and 
twistor space properties. Various algebraic properties of the wall crossing phenomenon opens 
up a new avenue to learn modern issues of background scalar fields, viz., (2, 2) superconformal 
theories, D-terms, quasihomogeneous superpotentials and spectral flow properties [7]. 

In sequel, black hole physics has revealed an understanding of AdS^ x 5*^ geometry [S] and 
the corresponding microscopic aspects of a class of higher derivative corrected black holes [9] . 
The development does not stop here, but it continues far beyond the expectation, viz. the 
overall theme of microstate counting, D-brane instantons, and wall crossing hints about the 
structure of the nonperturbative string theory [TU]. From the perspective of AdS/CFT corre- 
spondence [TT], and hidden conformal field theory [12], this offers generalized thermodynamical 
properties of BPS and non-BPS black holes. Hawking radiation, symmetry breaking and the 
phenomenology of general black holes in string theory. For the case of the two parameter Hawk- 
ing radiating black hole configurations [13], the constant amplitude radiation and decreasing 
amplitude York model demonstrate that the statistical fluctuations pertaining to horizon per- 
turbations, quantum gravity corrections and radiation flux can be globally stabilized in specific 
frequency channels. 

From the perspective of the real intrinsic Riemannian geometry, the interesting cases arise 
for arbitrary charges of the gauged supergravity and arbitrary component scalar moduli con- 
figurations. A priori, we have analyzed the moduli stabilization properties of the singlet and 
doublet complex scalar fields [2] , which correspond to the pure marginal and threshold config- 
urations. Algebraically, the above consideration shows that the BPS walls of moduli stability 
arise as certain polynomial relations in the Fayet parameter. Here we will describe a much more 
extensive class of exact, analytic stabilization properties for the D-term and F-term moduli 
potentials. The present solutions of intrinsic moduli stabilization have an arbitrary number 
of scalar fields. Our solution may help to clarify many moduli vacuum stabilization effects, 
which we have recently introduced for the two and four components real scalar fields. As 
per the notion of moduli configuration, our proposal may play an important role in the exact 
phenomenological predictions of the string theory moduli space configurations. 

2 Fayet Moduli Configurations 

The D-term moduli configuration may in general be described by the potential 

VD{V^) = {J2 1- "Plv^+bf, (1) 
iSA 
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where b is the Fayet term. Here we want to analyze "walls of BPS stabilities" by focusing 
our attention on the role of the intrinsic Riemannian geometry. In order to keep arbitrary 
electric charges, we shall consider the configuration in its most general form. It is worth to 
recall that the marginal stability of the vacuum fluctuations requires uniform sign of the electric 
charges, which must retain the same sign as the Fayet term. Whilst, the threshold stability 
requires relative signs of electric charges such that the D-term can vanish, in order to satisfy 
the supersymmetry property of the vacuum. The main purpose of the present article is to 
illustrate phenomenological properties of the moduli stabilization for such a generic vacuum 
configuration. Let us first illustrate the stabilization properties of the configurations with fewer 
constituent moduli scalar fields. For a given complex modulus ipi := (xi,X2) G f/(l), the 
marginal stability of the vacuum configuration is described by the following Fayet potential 

Vixi,X2) := ixl+x'^ + bf. (2) 

On the other hand, the corresponding threshold configuration with two real scalar fields 
requires to consider two complex scalar fields {ipi,ip2} in a special way. In order to illustrate 
the role of the threshold type consideration, let us first focus our attention on the moduli 
configuration involving only two real scalars. In this case, it turns out that the general vacuum 
configurations of the present interest can be defined as an element of the moduli space, viz., 
{v'l; '^2} G -^2; such that the D-term potential vanishes in the vacuum limit. In fact, it follows 
that the possible values of the constituent fields are an element of A^2, which in the limit of 
extreme values of the fields, can be defined as the following set 

M2 ■■= {{(X1,0),{X2,0)},{{X1,0),(0,X2)}, 

{iO,xi}, (X2,0)}, {(0,xi), (0,X2)}}. (3) 

In order to ensure supersymmetry, we are required to choose two alternating abelian charges, 
which in an appropriate normalization correspond to the choice of gi = 1 and q2 = —1. Hereby, 
the threshold stability of the D-term moduli configurations pertains to the following Fayet like 
potential 

V(xi,X2):=(xl-x^ + b)^. (4) 

The two modulus {(pi,(p2} case involves four constituent real scalar fields (xi, X2, xa, X4). In 
this case, the D-term potential, which corresponds to the marginal moduli configuration, can 
be expressed as 

V(xi,X2,X3,X4) := [xj +xl + xl+x\ + b)^. (5) 

Correspondingly, the D-term potential pertaining to the four constituent real scalar fields, 
= {xi,X2,X3,X4), which describes the underlying threshold moduli configuration, takes the 
following form 

X2, X3, X4) := {xf +xl- xl- x'l + (6) 

In order to appreciate the intrinsic geometric version of the moduli stabilization problem, we 
may consider a set of real scalar fields {xj} G Ai such that the map V : M. ^ R defines the 
real scalar potential of the complex scalar moduli. Thus, we may geometrically analyze how 
the transformations h i— )■ —6, 6 i— )■ and 6 i— ?■ 1/6 appear in the self pair correlation functions 
and the global correlation volume on the vacuum moduli fiuctuations. One of the interesting 
transformation properties could be to examine how the local and global vacuum correlation(s) 
behave under the above dilation and translation of the Fayet parameter h. 

Notice further that the refiection symmetry of the D-term potential is required, due to 
the supersymmetry constraints. Furthermore, the marginal configurations allow the decay of 
the BPS configurations to non-BPS configurations. However, the corresponding thresholds 
configurations do not. In particular, we observe that the threshold configurations possess a 
nontrivial vacuum moduli, for example M.2i as mentioned for the extreme limit of the two 
complex modulus configuration. Practically, the perspective of the intrinsic geometry shows 
that such a specification of the threshold configurations corresponds to a particular orientation 
of the vacuum moduli with respect to the line 6 = 0, where the supersymmetry is restored. 
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3 Intrinsic Geometry 



We will explore the moduli stabilization properties of the Fayet like configurations for an arbi- 
trary number of constituent scalar fields. In general, let us first note that the consideration of 
fractional charges and associated constituent gauge fields motivates us to keep the charges to 
a set of general real values. 

3.1 F Term Fluctuations 

To test the properties of our model, let us determine the local and global intrinsic geometric 
properties corresponding to the F-term potential. For given dilaton (p and axion a, the F-term 
potential takes the form V{xi,X2) = {xi — ^2)^, where the Xi,X2 are functions of {0, a}. For 
the supersymmetry breaking configurations with b ^ and arbitrarily charged dilaton axion 
like configurations, the moduli space potential can be cascaded as 

V{xi,X2) = {qixi + q2xl + bf , (7) 

where qi,q2 are the abelian charges corresponding to the constituent scalar fields {xi,X2}- In 
this case, we find that the components of the metric tensor satisfy the following quadratic 
polynomial relations 

gxixi = 12(jf + 4(ji(j2x| + 4(ji6, 
9x1X2 = 8qiq2XiX2, 

9x2X2 = Aqiq2x\ + l2q2X2 + iq2b. (8) 

From the perspective of the intrinsic geometry, we see that the principle components of the 
intrinsic metric tensor are symmetric quadratic polynomials in the real scalars, whereas the off- 
diagonal component is a symmetric quadratic monomial. Hereby, an analogous analysis may as 
well be performed easily for the concerned global stability of the configuration. In particular, 
we see that the determinant of the metric tensor takes a well-defined positive-definite quadratic 
polynomial form 

= I6qiq2{qix\ + q2X2 + b){b + 'iq2X% + 'iqix\). (9) 

From the definition of the Gaussian fiuctuations, we find that the underlying vacuum moduli 
configuration has the following invariant scalar curvature 



^ ^ _f, qixl + q2xl 

(qixl+q2xl+b)'^(b + 2,q2xl + iqixl)'^' 



For a set of given charges, we see that the scalar curvature vanishes, for the vanishing value of the 
Fayet parameter. In this case, the determinant of the metric tensor remains a nonzero constant, 
for the vanishing value of the Fayet parameter. The present investigation demonstrates that 
the F term scalar moduli configurations are statistically interacting, as long as the vacuum 
possesses a nonzero Fayet parameter and both the vacuum expectation values, viz., {xi,X2}, 
do not vanish simultaneously. For all values of the Fayet parameter, it is interesting to notice 
that the threshold configurations, which are defined as a pair of scalar fields with alternating 
abelian charges, correspond to a noninteracting statistical basis, whenever the constituent scalar 
moduli fields take an equal absolute value in the vacuum. 

3.2 D Term Fluctuations 

Let us now consider a realistic case of the vacuum moduli fiuctuation. For arbitrary abelian 
charges {gi, g2, Q's, Q'4}, a general complex doublet, when the underlying theory has been broken 
to the f/(l) X ?7(1), involves the following Fayet potential 

4 

V(x-^,X2,xz,X4,) = C^qix1+hf. (11) 
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Herewith, we observe that the local moduli pair correlations reduce to the following expressions 



gxiXi = 12qiX^ +4qi'^gjx'^^ +4gib, i = 1,2,3, i 

QxiXj = SgiQjXiXj, \/i j, i,j = l,2,3,4. (12) 

As mentioned before, in this case, we find further that the principle components of the metric 
tensor are polynomials in the scalar fields, while, the off-diagonal terms are monomials in the 
concerned scalar fields. In order to analyze the internal stability of the configuration, we need 
to examine the positivity of the principle minors of the metric tensor. In this case, we find that 
the planar and hyper planar minors are given by the following polynomials 



92 = 16qiq2C^qiXi +b){b + 3'^qiX^ + '^qiX^), 

i — l i — l i — 3 

4 3 

93 = 64gig2'?3(X]gia:2 + 6)2(6 + 3^g,x2 + 94x1). (13) 



The pattern of the polynomial invariance continues and the corresponding determinant of the 
metric tensor satisfies the following polynomial expression 

4 4 

llgll = 256qlq2q3g4{Y^q^x^ + bf{3J2<}i^^ + b)■ (14) 

i=l i=l 

An analogous analysis may as well be performed further for the computation of the concerned 
global intrinsic geometric invariant quantity. In particular, we see that the underlying Ricci 
scalar of the vacuum moduli fluctuations is given by 

2(3Eti'?,^? + feP(Etig.^? + 6)' 

In this case, we find that the vacuum moduli configurations, defined by the real scalar fields 
{xi, X2, X3, X4}, correspond to an interacting statistical syatem for all values of the Fayet pa- 
rameter. It is worth mentioning that the statistical interactions continue to persist, even for 
the case when the Fayet parameter vanishes. Further, the global statistical interactions exist 

in the limiting marginal moduli system with an equal value of the constituent scalar fields. 

This shows a clear cut distinction between the global vacuum statistical interactions of the F 
term moduli and D term moduli configurations. It is observed that the marginal moduli config- 
urations preserved the nature of intrinsic geometric invariants. Specifically, the determinant of 
the metric tensor remains positive for nontrivial vacua with a given Fayet parameter. However, 
the threshold vacua change their statistical behavior by a translation in the vacuum expecta- 
tion values of the constituent scalar fields. For a set of given abelian charges, we find that the 
global nature of the two and four real scalar moduli marginal and threshold configurations is 
characterized as 

Rm,ar{xi)\xi=x 0, Rthrix)\xi^x = 0, i = 1 , 2 

Rmar{Xi)\x^—x 7^ 0, Rthrixi)\x ^=x 0,1 = 1,2,3,4:. (16) 

We have generalized the above computation for the six and higher number of real scalars. In 
fact, we have obtained the exact expressions for the components of the metric tensor, principle 
minors, determinant of the metric tensor and the underlying scalar curvature of the fluctuat- 
ing configurations. As per this evaluation, the global correlation properties of the six moduli 
configuration are shown in Fig.([T]). Under the vacuum fluctuations, the first figure describes 
the ensemble stability of the vacuum configuration and the second figure describes the corre- 
sponding phase space stability of the vacuum moduli configuration. 
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Figure 1: The determinant of the metric and scalar curvature as a function of the potential 
energy V and Fayet parameter b for the six component real vacuum moduli configuration. As 
per this prescription, note that we can measure the vacuum fluctuations of an arbitrary finite 
component scalar moduli configuration. 

4 Scalar Phenomenologies 

Finally, let us describe the mixing of finitely many real scalar fields. For a set of given abelian 
charges, the statistical fluctuation of the most general Fayet like configuration involves an 
ensemble of vacuum moduli fields. As mentioned in the foregoing case, we now consider an 
extension of the statistical fluctuations pertaining to the phenomenology of the Fayet models, 
with a set of finitely many constituent real scalar fields. The picture of the marginal and 
threshold configurations continues to hold for an ensemble of the constituent scalar fields. For 
qi G R, let V{{xi}) = (XlieA ^^-^i ^ C Z he the Fayet potential. Then, the global vacuum 
correlation volume, when considered as the scalar curvature of the corresponding statistical 
configuration, is described as 

where 11(71 linear is a C°° smooth linear map in the V : Ai ^ R. In this model, we find that the 

parameters {a, /?} can be subsequently determined from the phenomenological considerations 

of supersymmetry breaking to U{lY. Hereby, we observe that the above claim describes an 

arbitrary mixing of threshold and marginal configurations, viz., uniform sign of the weight 

for the marginal configurations and alternating sign for the threshold configurations. 

Following the foregoing pattern, we find that the D term and F term configurations can 
completely be determined as a straight line plot between the square root of the Fayet potential 
and the Fayet parameter. Herewith, from the principle of the mathematical induction, we find 
further justifications for an increasing number of the constituent scalar fields. In general, let 
there be m real scalar moduli. Then, as per the pattern observed in the foregoing configurations, 
we observe that the corresponding intermediate principle minors Pn and the determinant of the 
metric tensor take the following from 

n n 

i=l i=l 
n 

llsll = Pn. = [Yli'q,)Vi{x,})'^i3VV-2b), (18) 
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where we have taken an account of the fact that arbitrary Fayet potential admits a 

hnear combination in the square of the constituent scalar moduli, viz., ^Jv — b = ^i^i^Qixf. 
In this convention, we find the following expression for the scalar curvature 

R = -(const) — ^) — (aW + m. (19) 
V(37y-2fe)2 

Based on the above observation, we conjecture Vz G A that a, (5 E Z. A physical justification is 
provided as follows. In doing so, we can easily enlist the specific configurations while verifying 
the above conjecture, and thus a classification of the scalar moduli configurations. In particular, 
we find that the vacuum statistical fluctuations can be described by specifying the parameters 
of the underlying scalar moduli configurations, viz., (i) 2 real scalars: a = 0,/3 = 1, (ii) 4 
real scalars: a = = and (iii) 6 real scalars: a = 3,/3 = —1. For the supersymmetric 
models broken down to U{iy, we hereby find that the lines of the vacuum phase transitions 
are V = Q and V = 46^/9. From the perspective of the local and global mixing, we observe 
further that the global correlation volume, viz. the scalar curvature, of finitely many scalar 
moduli configurations can be expressed as 

R=-S^V^'^iVV-b)iaVV + ^b). (20) 

This leads to an observation of the fact that the phenomenology of the scalar moduli correlations 
arises with 7 = k—1 and m = 2k. In order to experimentally determine the admissible numerical 

values of the model parameters {a, /?}, let us define 6 := — (const) y^^^^^^. Thus, for a given 

vacuum scalar curvature R, the Fayet potential and the Fayet parameter satisfy the following 
linear relation 

VV = -^b+^. (21) 
a da 

Experimentally, the parameters {a, /?} can be determined from the slope angle 6 = —tan~^{^) 
and its intercept c = ^ on the 6-axis. Specifically, we see that the curve of interaction, as per the 
characterization of the above straight line, passes from the first and third quadrants. Physically, 
the constant {a,P} can be fixed by scaling the scalar potential at a different Fayet parameter. 
In fact, it follows that our consideration involves only the globally invariant determinant of 
the metric tensor in the globally invariant scalar curvature, and thus only the correlation 
dimensions of the vacuum moduli. For a well-defined equilibrium configuration, we find that 
the underlying statistical system becomes noninteracting for the following case of (i) vanishing 
vacuum expectation values of the constituent scalar fields, (ii) the square root of the sum of 
vacuum expectation values of the scalar fields becomes equal to the value of the Fayet parameter 
and (iii) the parameters of vacuum configuration vanish identically, viz., a = 0,/3 = 0. This 
provides an excitement for phenomenological aspects of the vacuum fluctuations in the D and 
F scalar moduli configurations. 
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